broken by rotation and stratification. Such structure is here found to play a crucial role in defining the mean zonal and meridional flows that coexist with the convection. Though they are subject to strong inertial oscillations, the strength and type of the mean flows are determined by a combination of the laminar tilting and the turbulent alignment mechanisms. Varying the parameters produces a wide range of mean motions.
Among these, some turbulent solutions exhibit a mean zonal velocity profile that is nearly constant with depth, much as deduced by helioseismology at midlatitudes within the Sun. The solutions exhibit a definite handedness, with the direction of the persistent mean flows often prescribing a spiral with depth near the boundaries, also in accord with helioseismic deductions. The mean helicity has a profile that is positive in the upper portion of the domain and negative in the lower portion, a property bearing on magnetic dynamo processes that may be realized within such rotating layers of turbulent convection.
INTRODUCTION
Late-type rotating stars like the Sun possess convective envelopes in which highly turbulent motions are responsible for transporting heat, for redistributing angular momentum, and for building and dispersing magnetic fields. Theoretical descriptions for such turbulence pose fundamental difficulties, the greatest of which is that the active dynamical scales of motion span very many decades. This paper, the second in a series, utilizes direct numerical simulations of three-dimensional compressible convection to study a localized region in a rotating star, trading off overall domain size for sufficient spatial resolution to describe turbulent flows with some fidelity. The approach adopted here, as discussed in detail in Paper I of this series (Brummell, 955 Hurlburt, & Toomre 1996; hereafter Paper I), deals with a Cartesian planar subdomain of a true spherical shell using a local modified f-plane model, as shown in Figure 1 . Further, the physics is simplified as much as possible by dealing with a perfect gas, thereby seeking to understand the most basic dynamical effects of compressibility and rotation on the turbulent convection.
Paper I examined the differences in flow structure and evolution between laminar and turbulent compressible convection as the rotational influence was varied. (Libbrecht 1989; Brown et al. 1989; Tomczyk, Schou, & Thompson 1995; Thompson et al. 1996) , are notably different from earlier predictions based on full spherical shell simulations of solar convection (e.g., Gilman & Miller 1986; Glatzmaier 1987 (Gough et al. 1996) .
There is currently no resolution of the striking differences between the solar differential rotation profiles deduced from helioseismology and those obtained from theoretical models.
Since Paper I explained in some detail the motivation for such simulations of rotating convection in localized domains, and thus § 2 restates the formulation only briefly. After reviewing the general properties of turbulent convection, § 3 in turn discusses the time dependence of the mean flows that are realized, their behavior as the degree of turbulence or the rotational influence is modified, and then assesses how the topology and structure of the convection yields the Reynolds stresses essential for both the generation and maintenance of the mean flows, finally examining the spiralling of the mean flows with depth and the mean helicity that is realized. Section 4 discusses the implication of these mean flows upon the deductions being drawn from helioseismology concerning the overall dynamics of the solar convection. 
for the vertical coordinate 0 < _' < d, where Po is the density at the upper boundary, Po =(cp-c_)ToPo, m=-1 
Here u = (u, v, w) is the velocity, T, p, and p are the temperature, density, and pressure, respectively, and V, = [(7 -1)Ck/p]P,_iu_(O_uj + c?_u_--_V "uf_j) is the rate of viscous heating. Rotation enters the momentum equation in a modified f-plane formulation in this local model via the rotation vector, f_ = _o _ = (f2_, f_y, f2z) = (0, f_o cos _b, -f2 o sin _b),
where _b is the latitudinal positioning of the planar domain on the sphere, as illustrated in Figure 1 . The rotation sense here has been changed for ease of comparison with the solar case since, in the z-downward coordinate system, positive rotation is clockwise when viewed from above the north pole. This paper adopts the more familiar counterclockwise rotation sense by setting f20 --, -f2 o (equivalently u _ -u, x _ -x) when exhibiting the results. The dimensionless numbers parameterizing the problem are the Rayleigh number, 
Here R. and To (the more usual Taylor number) are quoted as evaluated at midlayer in the initial polytrope. A measure of the influence of the rotation on global motions derived in terms of these parameters is the convective Rossby number,
A value of Ro less than unity implies a significant influence of the rotation, since then in the time a fluid element is driven across the layer by buoyancy it can execute more than one inertial rotation.
A true Rossby number, Ro,, may be determined as the ratio of the root mean square (rms) vorticity generated in the convection to that of the rotating frame, i.e.,
It is found here that Ro and Ro, are generally comparable.
At the upper and lower boundaries, it is required that
which ensures that the mass flux and mechanical energy flux vanish on the boundaries.
The total mass in the computational domain is conserved, and the imposed heat flux is the only flux of energy into and out of the system. Averaging the momentum equations (eq.
[2a]-[2d]) over the two periodic horizontal directions, x and y, produces the equations for the mean zonal (east-west) and meridional (north-south) flows:
Here, an overbar denotes the horizontal average and f_ = P_Ck T1/2 sin q_ is the inertial frequency for horizontal 
RESULTS
As summarized in Table 1 , a series of runs has been made in the (Ro, T_, P,, qS) parameter space of the local model. All simulations were computed with an aspect ratio of 4:4: 1, with 7 = 5/3, and with an initial density contrast of Zp = 11 corresponding to a polytrope with 0 = 10 and m = 1. The layer then spans roughly five pressure scale heights initially, relaxing to a typical value of Xp _ 20 as time progresses. The Rayleigh number is varied by altering Ck (effectively changing the fluid) while keeping P_ small so that the code 
Ck Pr where l and U(z) are a typical length and velocity, respectively. There is not a unique choice for these typical values. The length scale may be chosen as the depth of the domain, and a typical velocity may be evaluated as the (time-averaged) rms velocity, U .... or as the maximum velocity attained in the box, Umax. Ro) increases for a fixed latitude, whereas cases R4-R6 maintain a strong rotational influence while varying _b.
Nature of Turbulen t Rotating Convection
As discussed in Paper I, these simulations off-plane convection draw on earlier nonrotating three-dimensional studies working with perfect gases (see, e.g., Cattaneo et al. 1991; Bogdan, Cattaneo, & Malagoli 1994 u(x, y, z, t) and v(x, y, z, t) , found at any typical time, t, in each horizontal direction produces the mean zonal, fi(z, t), and meridional, _(z, t), flows. The vector sum of these flows is an overall mean flow, U(z, t), at that time. Averaging over a long period in the simulation reveals the persistent vector mean flow, (U), made up of components (u) and (v) that are functions of z alone. Here, an overbar denotes an average over the horizontal directions x and y, and angle brackets imply a further averaging over time. The flows (u) and (v) represent the typical steady horizontal drift velocities at any depth. They are the local model equivalents of the zonal and meridional motions at the current latitude, q_, in the full spherical fluid shell and exhibit the differential motion with depth (equivalent to radius) at that latitude. By further examining a range of qS, they can also suggest the variation of such flows with latitude. In this solution, the zonal flow is primarily prograde (in the same sense as the rotation) with intervals of retrograde flow near the boundaries. The meridional flow is equatorward at the surface and poleward at the bottom but reverses away from the boundaries.
In the absence of rotation, even though the equations permit mean flows, none have been realized in these simulations.
With f_ = 0, the creation of mean motions would require an internally generated spontaneous (reflectional) symmetry breaking by a mechanism like that of Howard & Krishnamurti (1986) , for example. With the rotating f-plane model positioned away from the pole (_b # 90°), the symmetry of the flow is automatically broken, and any solution must have definite handedness.
All of the rotating solutions presented here therefore possess mean zonal and meridional flows, of which Figure 3 is an example. The mean flows are significant, although not dominant over the convection. Indeed, the percentage of kinetic energy contained in the mean flows, E--_, as compared to the total kinetic energy, Ek, is less than 10% and typically only a few percent for the cases studied here (see Table 1 ). The properties of the mean flows, however, vary strongly with the degree of turbulence, the rotational influence, and the latitudinal positioning of the f-plane model.
Time Dependence of Mean Flows
Many of the cases studied here possess a Rossby number, forming an anticyclonic vortex. The resulting circular acceleration produces its own local centripetal force, which will tend in turn to contract the vortex. The interaction of the expansion and contraction produces an oscillation with frequency equal to that of the imposed rotation.
For horizontal motions, this inertial frequency about the vertical isfz = 2f_z = P, Ck T_ 2 sin _b. The mean flows here exhibit such oscillations, as seen in Figure  3 where they are largely responsible for the significant rms fluctuations and the large departures of the peak values from the time-averaged value. Figure 4 presents a clearer example of this time dependence of the mean flows. Phase plots of the mean zonal versus the mean meridional momenta are exhibited for three depths in the simulation T1, together with the corresponding time series and frequency spectra. The circular locii in the phase plots describe the inertial oscillations of the means, a signature that persists for all depths (although the temporal variation is smoother near the boundaries) and all solutions. In all cases studied, the measured spectra have a peak power close to that of the predicted inertial period, which for case Tt in Figure 4 is q = 2n/f_ = 7.7. dence is a prominent part of the resulting mean flows, the remainder of this paper concentrates on unravelling the nature of the persistent mean flows, (u(z)) and (v(z)),
formed by time-averaging the components over many inertial times, Ti. (u) and (v), generated are shown against depth in Figure  5 , accompanied by the local measure of turbulence, Rea. Before examining the differences between the various solutions in Figure 5 , it should be noted that all of the mean flows exhibit a reversal in direction at a depth of around z = 0.75. This crossover point is a fairly stable feature for these simulations since they share the same imposed density stratification.
Increasing the Degree of Turbulence
Earlier two-dimensional simulations (Hurlburt, Toomre, & Massaguer 1984) showed that the density contrast, Zp, imposes an asymmetry on laminar compressible motions, whereby the roll-cell centers are skewed toward the lower boundary.
The cell centers appear to lie at the level of the center of mass of the mean stratification, i.e., that depth where there is as much mass above as below. Intuitively, an extension of the finite laminar roll to infinite width would imply that the crossover of the mean flows should also be related to this point. Indeed, on examining the mean density profiles for many of the solutions here, this seems to be the case. For example, the timeaveraged mean density of simulation T1 contains as much FlG. &--Plots of the mean velocity profiles, (a) (u(z)) and (b) (v(z)), in the zonal and meridional directions respectively, for simulations with a similar degree of rotation influence but varying degrees of turbulence (cases L1, R2, T1, and T2). The degree of nonlinearity is measured in terms of the Taylor microscale Reynolds number, which is also shown in (c) as a function of depth for each case. 
=0 =0
This forces the mass fluxes to be either trivially zero (no mean flow at all) or to possess at least one zero-crossing at some depth. For a zero-crossing to lie at the center of mass then requires a remarkably well-balanced (mean) velocity distribution.
In Figure 5 , both the zonal and meridional mean flows decrease in absolute amplitude throughout most of the depth as the degree of supercriticality is increased via solutions L1, R2, T1, and T2. The meridional flows, (v), maintain the same shearing profile with depth with the increase in degree of nonlinearity, although their amplitude is reduced.
The zonal flows, (u), are reduced from strong shear flows in the more laminar cases (L1 and R2) to profiles that have only small amplitude in the interior, with regions of strong shear near the boundaries at the highest degrees of forcing shown (T1 and T2). Away from the upper thermal boundary layer, these more turbulent solutions have the sense of (u) reversed from that in the laminar solutions.
The production of zonal and meridional mean flows appears to differ at high degrees of nonlinearity, with the meridional motions retaining some laminar character, while the zonal motions switch to a novel response.
It is intriguing that cases T1 and T2 exhibit very similar properties.
These cases are both highly turbulent and share the same convective Rossby number, R o, yet differ by a factor of 2 in the actual values of R, and To. The similarities of the mean flow properties are striking and thus encouraging, since they may suggest that a regime of rotating turbulence exists where these results may be robust. That is, these findings may hold for higher R,, provided that the rotational influence, R o, is kept the same by scaling T, and P,. In much of the following presentation, the results for case T2 are omitted for clarity of the figures.
Increasing the Rotational Influence
The effects of changing the rotational influence while maintaining an (approximately) fixed degree of nonlinearity is investigated next. Figure 6 shows plots of the mean zonal and meridional flows and the associated Taylor microscale Reynolds numbers as functions of depth for cases R0-R4. The thermal Rossby number ranges through the values Ro = 0% 7.07, 2.24, 1.41, and 0.71 in these cases, which indicates an increase in the influence of rotation on the flow.
Although the degree of supercriticality is not identical for all of these solutions, as is exhibited in the plot of Re,, its variation is less than a factor of 2 for a range of parameters (T_, Ra) that span (at least) 2 orders of magnitude.
In particular, the values of Re, are similar for cases R0, RI, and R3, as are those for cases R2 and R4, and so these cases may be fairly directly compared. Although <u> also exhibits a simple shear at the higher R o of case R l, in the cases with lower Rossby numbers (R3, R4) the shear is considerably weakened to form a nearly constant profile in the interior accompanied, once again, by shear zones near the boundaries. The profile changes direction in the bulk of the interior as Ro decreases, as was found in the sequence of increasing degree of turbulence (Fig. 5) . However, with a strong rotational influence, the constant interior profile is more pronounced, being significantly prograde.
Varying the Latitude
The solutions discussed previously were all calculated at midlatitude, _b = 45°. The latitudinal positioning of the local domain can also have a substantial impact upon the development of mean flows. Figure 7 exhibits the resulting mean zonal and meridional velocity profiles for representative solutions at various latitudes. Figure 7a shows moderately rotationally influenced (R o = 2.29) laminar cases at three latitudes, 4_ = 15 _, 45°, and 90°(cases L3, L1, and L2, respectively).
Only weak mean flows are achieved when the domain is positioned near the (north) pole, with far stronger zonal and meridional means resulting at lower latitudes where the rotation vector becomes closer to the horizontal.
In this laminar case, both mean flows are feeble (and indeed may vanish in a long enough time average) at q_ = 90°. Changing the latitude to _b = 45°increases the peak amplitude of both zonal and meridional means comparably, but a further shift to _b = 15°amplifies the zonal mean to a strong shear yet leaves the meridional flow roughly the same. Figure 7b displays turbulent cases that are strongly rotationally influenced (R o = 0.71) for latitudes q5 = 15°, 45°, and 75°(cases R5, R4, and R6, respectively).
The zonal mean flows produced in these turbulent cases remain qualitively similar in profile despite the varying latitude.
Each zonal profile exhibits a nearly uniform interior extending over the range 0.4 < z < 0.8, sandwiched
between stronger boundary shear flows. The meridional mean flows consist mainly of boundary shear zones with a weak nonuniform interior.
The amplitudes of all these means again increase with decreasing latitude, much as for the laminar cases.
Generation of Mean Flows: Topology of the Convection
The generation and maintenance of the zonal and meridional flows is governed by the mean flow equations (eqs. The vertical derivative of these stresses, modified by the action of the diffusive terms, determines the strength of the mean flows produced. The Coriolis terms serve only to swap energy between the two mean components and do no net work. In a steady state (or, equivalently, a long-term time average), equations (9a) and (9b) reduce to
(Note that for comparison with the solar case, the results here are presented with f, < 0, since f_o has been replaced by -f_o or, equivalently, u _ -u). The simulations reveal that the diffusive terms in equations (13a) and (13b) are generally small and that the resulting persistent mean zonal and meridional flows are produced via a balance between the Coriolis and Reynolds stress terms. A strong correlation between u and w produces mean meridional momentum; a similar correlation between v and w produces mean zonal momentum.
Clearly, any mechanism that introduces a net tilted flow into the system yields a correlation between vertical and horizontal momenta and therefore serves to generate mean flows. Thus the topology and structure of the Figure 7 .
Generation of Mean Flows: Reynolds Stresses
Examination of the Reynolds stress sources for the generation and maintenance of mean motions in highly turbulent, compressible convection is clearly desirable but presents a number of challenges.
The turbulent flows here are highly variable and intermittent, which makes correlations hard to isolate amidst the chaotic background.
The coherent structures, which can provide some correlation, occupy only a small fraction of the whole domain, and thus their effects can easily be lost in any sizeable average. Such downflow structures also possess strong vertical vorticity, which provides a significant local correlation between the single-signed vertical motion and both senses of the horizontal motions.
The small underlying drift correlation must be extracted from these nearly cancelling, large correlations by integration over particle trajectories.
In addition, the flow is strongly time dependent, including the inertial oscillations encouraged by the rotation that exhibit large amplitude excursions compared to the overall persistent mean, as in Figure 4 . All these effects accumulate to make instantaneous estimates of the Reynolds stress sources noisy and therefore relatively useless, and thus long-term time averages must be used.
Displaying the time-averaged source terms from equations (9a) and (9b) (the z-derivatives of the Reynolds stresses) supplies no new information, since they return precisely the mean momenta, suitably scaled and with a small error due to the diffusive term (as highlighted by eqs.
[13a] and [13b]). Instead, Figure 8 zonal mean flow of this case. These low R o, turbulent Reynolds stress profiles do not simply reflect the rms velocity profiles (as in the laminar cases), but rather exhibit the different degrees of velocity correlation.
The presence of mean horizontal motions implies that there is a net vertical transport of horizontal momenta, and this is exactly described by the Reynolds stresses shown in Figure 8 . The stresses, puw and pvw, can be considered as the vertical transports of zonal and meridional momenta, respectively, where a positive value indicates a net downward transport of positive momentum. In contrast, the transport of positive (northward) meridional momentum switches from downward to upward as the degree of nonlinearity or the rotational influence is increased.
Spiralling Mean Flows and Helicity
These simulations also reveal that the direction of the total mean flow has a tendency to spiral with depth. Figure  9 exhibits the vector sum, (U(z)), of the mean flow components, (u(z)) and (v(z)), at each depth, shown in a threedimensional format for the case TI as an example of such behavior.
An arrow is drawn at chosen depths, z_, pointing in the direction of the vector sum, (U(z_)), with its length proportional to the amplitude, I(U(zi))[. that the mean vector subtends with the x-axis as a function of depth,
and its derivative,
Where the angle is increasing with depth (c_z_ . > 0), the sense of the spiralling is cyclonic, and the vector arm swings in the direction of the rotation as depth increases. Where the angle decreases (_= _, < 0), the spiral is anticyclonic. Figure 10 plots the angle, _,, with depth for some of the simulations, and some trends may be observed. In general, the mean vector spirals cyclonically (with increasing depth) near the upper boundary and reverses to spiral anticyclonically near the lower boundary.
The spiralling is probably related to Eckman-like boundary processes, and thus the effect is more noticeable at the upper surface where the thermal boundary layer is thicker, owing to the stratification. The laminar cases (e.g., L I, L2, and L3) appear to spiral significantly throughout the whole layer, with the change from cyclonic to anticyclonic near the center of gravity of the layer. The turbulent cases (e.g., R2, R3, and T1) tend to consist of an interior of relatively smallamplitude, more disorganized mean flows connecting the two boundary layer spirals. Away from the boundary layers, if the flow is turbulent in the interior, the motions are generally enhanced toward isotropy by the rotation (see Paper I). The scales are small compared to the density scale height, and the motions turn over quickly compared to the inertial time, therefore sensing both the stratification and the rotation only weakly. The sense of the spiralling is therefore more random in the interior. However, some rapid swings of the mean velocity vector across angles, observable in Figure  10 as more horizontal portions of the curves, appear consistently in many of the simulations. This rapid spiralling is associated with the zeroes of the mean velocities.
When the mean components become small,
decreases and the rate of spiralling, d= @,(z), increases.
Physically, this spiralling is only rapid because the vector is close to the origin, so that small changes in (u) or (v) translate to large angular displacements.
As discussed earlier, there is often a zero of both (u) and (v) associated with the center of gravity of the cell at roughly z = 0.75 in many of the solutions shown, and the spiralling is sensitive to these points.
The spiralling of the mean vector exhibits a definite handedness that generally switches sign in the interior. This handedness suggests that the helicity of the flow may be of some interest. Figure 11 displays time and horizontal averages of the helicity, H = u • (V x u), for the same simulations. Clearly, the mean helicity is generally positive in the upper regions and negative in the lower regions for all cases. Although this result concurs with the handedness of the mean spirals, the two are not directly related. The mean helicity is dominated by the vertical vorticity of vertical motions.
The mean flow does indeed possess helicity, but this is constructed entirely out of horizontal vorticity, since the mean cannot possess vertical vorticity. Indeed, on examination, the mean flows contribute very little to the mean helicity, the majority arising from the fluctuating velocities. Hence, all downflow structures near the upper boundary must be cyclonic. Since the total horizontal divergence (and similarly the total vertical vorticity) must be zero in any horizontal plane, the upflows must diverge and be anticyclonic.
These effects enforce a positive helicity in the upper portions of the domain. If the simulations possessed a midplane reflection symmetry, as they would if the equations solved were Boussinesq (with symmetric boundary conditions), then an equal and opposite sign of helicity would be expected from equivalent process at the lower boundary.
At the bottom, upward-directed plumes would be formed from locally converging horizontal flows and would spin up cyclonically.
The opposite sense of helicity would result since the vertical motion has reversed, while the cyclonic vertical vorticity is retained. This is indeed observed in Boussinesq simulations . The equivaIent effect at the lower boundary in the current simulations is similar, but it is diminished by the lack of midplane symmetry in the compressible equations under the imposed stratification (and nonsymmetric boundary conditions).
The asymmetries retard plume ejection from the lower boundary in favor of downflow-dominated convection driven from the upper surface. Rising plumes are forced to expand under the imposed stratification counteracting their natural helicity, enhancing the positive surface helicity but undermining the negative helicity at the lower boundary.
However, even in this scenario, the splashing and subsequent divergence of the strong downflow structures against the lower boundary enforces some upflow convergence, thus still providing a negative mean helicity at the bottom.
The impenetrable boundary conditions in these simulations are convenient but artificial, and such lower boundary effects may change in the presence of more relaxed bottom boundary conditions, such as in studies of penetrative convection (Clune, Brummell, & Toomre 1997 
